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1^ ' Abstract 

^^ ' Let K he & field, and £ a prime number different from tire characteristic of K. 

Consider an extension of K of the form K{Qm, '\/a), obtained by adding a root of 
unity of order £™ and the £"-th root of some element oi K^ , with m > n. We give a 
formula for the degree of this extension, which depends only on few parameters. As an 

r^ ' application, if iiT is a number field we calculate the density of primes p oi K such that 

| /^ i . the order of (a mod p) is coprime to £. This work is based on a result by Schinzel of 

^ ' 1977 describing abclian radical extensions. 

-(— > 

1 Introduction 

^f-N , Let K he a field, and consider an extension of K of the form L := K{(m, ^^) where 

^ ' a € X^, Cm is a primitive m-th root of unity, n divides m, and m is not divisible by the 

zD • characteristic of K. The field L contains the cyclotomic extension Km '■= i^(Cm)) and 

1/-^ , the relative extension L/Km is the cyclic Kummer extension obtained by adjoining the 

■^ \ n-th roots of o. The first problem that we address is determining the degree of the cyclic 

t~^ ■ Kummer extension L/Km- This degree is a divisor of n. 

^— ^ , We may reduce to the case where a has no i-ih roots in K for every prime i dividing 

n. Then often the degree of L/Km equals n, and it is lower if and only if a acquires £-th 
roots in Km for some i. dividing n. If m is the power of a prime number i, the phenomenon 
for a of acquiring £-th roots in Km is very limited: 

X, 

H , Theorem 1. Let m he the power of a prime number i different from the characteristic of 

K . Suppose that a^ has no i-th roots in K for every root of unity ^ £ K . If I is odd then 
a has no i-th roots in Km, and if I = 2 then a has no A-th roots in Km- 

We call a strongly H-indivisihle if it satisfies the assumption in the theorem, so if a^ 
has no £-th roots in K for every root of unity ^ £ K. An element a G K^ is the power of 
a strongly £- indivisible element times a root of unity in K, unless we are in the following 
very special case: for some root of unity S^ £ K, a(, has i^-th roots in K for every r > 1. 
In this case, the Kummer extension L/Km is a cyclotomic extension and our problem is 
easily solved. By relating a to a strongly ^-indivisible element, we can write a formula for 
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the degree of L/K^ for every a £ K^ . Precise statements are given in theorems 1161 and 1171 
which cover respectively the case where I is odd or (^4 € K, and the remaining case. 

Note, if m is not necessarily a prime power then a could acquire e-th roots in K^, 
where e is the exponent of the torsion of K^ , even if a is strongly ^-indivisible for every 
prime number i dividing m (cf. theorems 1181 and I20p . 

Theorem [T] is surprisingly not to be found in the common references on Kummer theory, 
although it might have been known already to Hasse [7J or to Artin and Tate [H ch. 10]. 
We prove theorem [T] (cf. lem. [13] and [T4l) as an application of a theorem by Schinzel of 
1977 describing which extensions of the form K{Qn^ ^V^) have abelian Galois group [151 
thm. 2]. The reader might have encountered in the literature special cases of theorem [T] 
(cf. [21 lem. 2], |10t ch. 9, th. 9.4], |16t lem 2.1]). A not widely-known result which is in 
fact equivalent to theorem [1] is |121 § 1, ch. 9], cf. theorem 1 15t the original proof is in the 
style of \16\ lem 2.1], but we provide an alternative proof which shows that this result is 
also a consequence of Schinzel's theorem. As related works on radical extensions we signal 
works by Albu, Koch and Velez: [3], [4], [6]. 

Let if be a number field, i a prime number and a an element of K^ . Because of the 
results of this paper, we are able to compute the density of the set of primes p of K such that 
the reduction of a modulo p has multiplicative order coprime to i. The value of this density 
was known only for Q or under the assumption that Kin( '\fa)lK has degree (j){i"')i"' for 
all n > 1 (cf. ^, ^13j). We do not require any assumption. The formulas depend on some 
parameters, but the expressions are particularly elegant (see the appendix). Moreover, our 
general approach explains the many cases which were known to occur for K = Q and i = 2. 

The results in this paper can also be used to work out other densities, for example those 
arising from Artin's conjecture for primitive roots over number fields, generalizing Hooley's 
formulas. However in order to do so one has to fix a number field, and the primes dividing 
the exponent of the torsion of K^ will require a correction factor: for Q, the correction 
factor was needed only for the prime 2 (cf. [8]). 
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2 Cyclotomic extensions 

This section contains properties of the cyclotomic extensions that are needed for this paper, 
and in particular a formula for the degree. References about cyclotomic extensions are: |5j 
|10] |14] |17] . For ?n, > 1, we write Cm for a primitive root of unity of order m. 

Consider Hm, the finite group generated by Cm- Then fim is isomorphic to the product 
of Hie, where ^ is a prime dividing m and e = vi{m) > is the £-adic valuation of m. 



Moreover, the automorphism group Aut(/Xm) is isomorphic to the product of the groups 
Aut(/x^e). Recall that we have: 

( 1 iW = 2 

Aut(/i^e) ~ i Z/2x Z/2'=-2 if ^ = 2 and e > 2 (1) 

[ Z/{e - 1) X Z/r-i if i is odd 

In the last two cases, the kernel of the first projection consists of the automorphisms 
fixing respectively ^4 and Q. If 1 < r < e, and if r > 1 for £ = 2, the subgroup of 
automorphisms fixing Qr is isomorphic to Z/£'^~''. 

Let K he a field, and i a prime different from the characteristic of K. Denote by K£a 
the finite extension of K obtained by adjoining the i^-th. roots of unity. We write K^oo for 
the union of the fields Ki<i for e > 0. The extension K^e/K is finite and Galois, and its 
Galois group embeds into Aut(//£e). In particular, this Galois group is cyclic if I is odd or 
\i Qi^ K. We make use of the following elementary fact about the £-adic valuation of the 
integers: 

Lemma 2. Let i be a prime number, c > 1 and h = vi{c — 1). Suppose h > 1, and h > 1 
for £ = 2. Then f^(c^* - 1) = h + t for all t > 1. 

Proof. By iteration, it suffices to prove the statement for t = 1. By the assumption on h, 
we have c = (1 + r£ ) = 1 + r£^^ {raod £ ~^'^) for some integer r coprime to £. D 

Lemma 3. Let K be a field, and i a prime number different from the characteristic of 
K. The degree [K^ '■ K] is a divisor of £ — 1. The degree [Kj^ : K] is 1 if Ci ^ -^j ^'^'^ 2 
otherwise. Let K' = Ki if i is odd, and K' = K4 if £ = 2. If K' 7^ K^oo, let h > 1 be the 
greatest positive integer such that K^h = K' . Then for every e > 2 we have 

[Ki. : K] = [K' : K] ■ r^<o,e-h) _ ^2) 

Proof Since C2 e K, we have [K2 : K] = 1 and [K4 : K] divides 2. Thus [K4 : K] is 1 if 
Ca G K, and it is 2 otherwise. The degree [Ki : K] is a divisor of ^ — 1 because the Galois 
group of Ki/K embeds into Aut(//^). Now we prove ^. If 2 < e < /i then Kge = K' hence 
[K^e : K] = [K' : K]. Now suppose that e > h. Since [Kee : K] = [Ki,. : K'][K' : K] we 
are left to show that [K^e : K'] = [K'^^ : K'] = £^~^. Since C^h S K', the Galois group of 
K'^e/K' is cyclic of order dividing £^~^. Let a be a generator and write CF{Cie) = C^^ for 
some integer c > 1. Recall that by definition of h we have Q^h G K' and C^^+i ^ K' . So a 
fixes Qh but does not fix C^h+i. This means that C^^T = 1 while C^h+i 7^ 1' ^^^^ we deduce 
vi{c — 1) = h. Let £* be the order of a. We know that £^ divides £'^~^, and we are left to 
show that t > e — h. Since Qe is fixed by a^ , by lemma[2]we have e < V£{c^ — 1) = /i+t. D 

In characteristic p, the Galois group of a cyclotomic extension is cyclic, while in char- 
acteristic zero this is not necessarily the case if ^4 does not belong to the base field: 



Lemma 4. For n > 3, define the following fields: 



+ C2-n') 



C2"-l + Con-l + 2 



(C2" + C2~')) = Q(V-(C2-i+C2;ii+2)) 



(3) 



(4) 



The element ^4 c^oes not belong to Qg'n nor to Q^„ /or any n. The field Q^„ (respectively, 
Q^n j is contained in Q2" ^^^ noi in Q2™ /o'" m < n. If we write Q4 := Q then for every 
n > 3 we have the following diagram: 




2"+l 



2"+l 



This diagram shows all subfields of Q2n+i containing Q^„_i . The sequences of arrows 
describe all fields inclusion. Each arrow corresponds to an extension of degree 2. 



Proof. The equality (C2" + C2" )^ = C2"-i + ^2"-^ ~'~ ^ implies that (^ and (JH) hold, and 
also that Ow/Oi^-i and Qon/Qtr,.-i are extensions of degree 2. Since (C2" + C2" ) is a 



real number, (4 cannot belong to Qg" ^^'^ so neither to Q^„. In particular, O^n-i is not 



2„_i or to q:;;.! 



contained in either of Qg" , Q J,+i , Q^n , Q2n+i • 

The fields Qji and Q^„ are clearly contained in Q2"- Adding (^4 to -^21-1 ^" "" -^2 
gives a common extension of degree 2 contained in Q2". This extension is exactly Q2" 
because C2" satisfies the polynomial X"^ — (^2™ + C2" )-^ + 1- Since Q2"/Q2"-i has degree 

^-^ rtii-- Note, Q2n and Q^n do not contain (^4 



2, it is not possible that Q2"-i contains lyj^i or ^1^2 
but their composite does. Then we have Q^„ 
it must be 



2 



£2"' 



_i and since 



C 



£2"+! "*'■>-' oiij.^^^ -»«£2" — "^2"+! 

We conclude that every arrow in the diagram corresponds to an extension of degree 
2, and there are no more inclusions between the considered fields. The Galois group of 
Q2''+i/Q2"-i ^^^ order 8 and embeds in Z/2 x Z/2"^^. By the Galois correspondence we 
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listed all intermediate fields. 

Note, we have Q+3 = Q(\/2) and Q'^ = Q{^/^). More generally, QJ, is totally real 
because (C2" + C2" ) is invariant by complex conjugation. 

Let G = Z/2 X Z/2"'~^. The subgroups of G which are non-trivial and different from 
((1,0)) are of three different types: 



^o,x = ((0,x)) H^^, = {{l,x)) i/2,x = ((0,x);(l,0)) 



where a; is a non-zero element of Z/2"' ^. We identify the Galois group of Q2"/Q with G 
by lemma m Then with the above notations we have: 

Lemma 5. Let a he the 2-adic valuation of the order of x, so 1 < a < n — 2. Then 
Ho,, = Gal(Q2"/Q2"-) Hi^x = GaKQan/Q^n-a+i) 
H2,. = Gal(Q2"/Q+-J ((1,0)) = Gal(Q2n/Q+ ) . 

Proof. The projection of Hq,, onto Z/2 is trivial hence Hq,, fixes ^4, and the corresponding 
field contains ^4. Since Q^n/Q is totally real, Gal(Q2"/Q^n) consists of the identity and the 
complex conjugation (1,0). Thus only the subfields of Q^„_i correspond to groups of type 
H2,x- By exclusion, we determine the subfields corresponding to groups of type Hix- □ 

In particular, for n > 3, an extension of the form Q2"/L with Q C L C Q2" has 
non-cyclic Galois group if and only if L is totally real and it is strictly contained in Q Ji . 

3 Cyclic Kummer extensions 

This section contains the results on Kummer theory that are needed for this paper: refer- 
ences about Kummer theory are [lOl ch. VI, §6 and §8], [U §2], [TH ch. IV, §3]. 

Let K he a field, and denote by K^ the multiplicative group oi K. Suppose that a" = a 
for some a £ K^ and for some n > 1 not divisible by the characteristic of K, such that 
Cn £ K- We then write K{a) = K{ y/a). This extension of K is obtained by adjoining one 
(equivalently, all) n-th roots of a. It is a Galois extension of K, being the splitting field of 
X" — a. The Galois group is cyclic of order dividing n. 

Definition. A cyclic Kummer extension of a field K is an extension of K of the form 
K{ ^/a) where a £ K^ , n > 1 is not divisible by the characteristic of K, and Cn S K. 

We have the following characterization: 

Theorem {[IQj, ch. 6, thm. 6.2]). Let K be a field. Let n > 1 be not divisible by the 
characteristic of K, and suppose that Qn ^ K. A finite Galois extension of K whose Galois 
group is cyclic of order dividing n is a cyclic Kummer extension. 

If L is a cyclic Kummer extension of K of degree n, we can consider the subgroup of 
K^ consisting of the elements which have some (hence all) n-th roots in L. This subgroup 
contains K^^. We thus associate to L a subgroup A of K^ /K^"^. The group A is cyclic 
of order n, and the function L 1— )• A which maps a cyclic Kummer extension of K of degree 
n to a cyclic subgroup of i^^/ivT^" of order n, is a bijection. 

Let a G K^ , and consider the field L = K{i;fa) which is associated to A = (a). There 
is a canonical isomorphism 

A~Hom(Gal(L/K),/i„) 



such that the class of a is mapped to the character Xa '■ (^ '-^ ct'^ ' ci~^, where a is such that 
q" = a. This character does not depend on the choice of a. 

The degree of L/K divides n and it is, equivalently: the order of A; the order of the 
class of a in K^/K^"^; the smallest d such that a"^ G K^; the integer d for which n/d is 
the greatest divisor of n such that a has some {n/d)-th. roots in K. 

The field iC(va"/'*) = K{-^) is the unique subextension of i^({/a) of degree d: it is 
a cyclic Kummer extension of degree d. If t is coprime to n, we have K{waf') = K{y/a). 

If we consider the integer factorization n = Y\i'^ then K{y/a) is the composite of the 
extensions K( 'y/a), which have coprime degrees. 

Lemma 6 ([5^, lem. 3]). Let K be a field. Let n > 1 be not divisible by the characteristic of 
K, and suppose that Qn ^ K. If a,b G K^ are such that K{y/a) = K{\/b) then a = 6*7" 
for some j £ K^ and for some t coprime to n. 

Proof. Since (a) = (6) in K^ /K'^"', we have a = 6*7*^ for some integer t and for some 
7 G K^ . Since (a) and (6) have the same order, t is coprime to n. D 

Lemma 7. Let K be a field. Let n > 1 be not divisible by the characteristic of K , and 
suppose that Qn £ K. If a,b £ K^ are such that the fields K{^yll) and K{y/b) are either 
linearly disjoint over K, or if for every prime number I \ n the £-adic valuation of their 
degrees over K are different, then we have 

[K{ v^) : K] = 1cm {[K{ ^) : K], [K{ ^/b) : K]) . 

Proof. Write Ka := K{yfa), Kh := K{\/b), Kab '■= K{\/ab), and recall that these are 
all cyclic extensions of K. Call respectively da, d^ and dab the degrees. We have to prove 
dab = lcm((ia, db), which means that the order of the character Xab equals the least common 
multiple of the order of the characters Xa and Xb- To prove that dab divides lcm(da, db), it 
suffices to notice that for every a G Gal(^/i^) we have 

Xab{(T\K,t) = Xa{(T\Ka)Xb{(T\Ki) ■ 

Let ^ be a prime dividing n. We are left to show that for the i-adic valuation we have 
ve.{dab) > niax{t;^((ia), z;£((ib)}. We may suppose without loss of generality that vi{da) > 
Vi{db). By assumption Ka and Kb are linearly disjoint over K, or Vi{da) > Vi{db). Then we 
can find a G Gal{K/K) such that the order of Xaio'lxa) has £-adic valuation Vi{da) while 
the order of Xb{o'\K,,) has ^-adic valuation respectively 1 or at most vi{db). In both cases, 
the order of Xabio'lKat) ^^^ £-adic valuation Vi{da). □ 

Lemma 8. Let K be a field, and i a prime number different from the characteristic of K . 
Let n > 1, and suppose that Q(n £ K. If a £ K^ then either K( ^y/a) = K or there is some 
smallest h > 1 such that K{ ^\^) 7^ K and we have 



[Ki 'V^) : K] 



nn—h+l 



Proof. By assumption, x ((n-h+i) is the trivial character while x ii{n~h) is non-trivial. We 
deduce that the second has order l hence Xa has order ^"^^+1. □ 

4 Divisibility properties and roots of unity 

Let i^ be a field, and H. a prime number different from the characteristic of K. In this 
section, we explain a convenient way of writing the elements of i^^ , and solve our problem 
in the special case mentioned in the introduction. 

Definition 9. Let a € K^ . We say that a is strongly -f-indivisible (in K) if a^ has no 
i-th roots in K , for every root of unity ^ & K of order a power of i. 

Roots of unity are not strongly ^-indivisible. If a has ^"'-th roots in K for every n > 1 
then we say that a is -f°°-divisible in K. Unless aS, is £°°-divisible in K for some root of 
unity ^ G K then we can express a as the power of a strongly ^-indivisible element times 
a root of unity in K: 

Lemma 10. For K^oo ^ K , let t > be maximal such that Kp = K . Then exactly one 
of the following holds: 

(i) we have a = b for some d> and for some b G K^ strongly I -indivisible; 

(a) (only if Kiac ^ K) we have a = b^ ^ for some d > 0, for some b G K^ strongly 
(.-indivisible and for some root of unity ^ in K of order r with r > max(0, t — d); 

(Hi) a^ is i°° -divisible in K for some root of unity ^ G K. 

Proof. Suppose that there exists d > maximal such that we can write a = b £^ for some 
d > 0, for some b G K^ and for some root of unity ^ in i^ of order C with r > 0. Then b is 
strongly ^-indivisible by maximality of d. If Kioo = K or ii ^ r < t — d, we may replace 
b so to get ^ = 1. Now suppose that there is no such maximal d. li K = Kioo this means 
that a is £°°-divisible in K. li K ^ Ki°°, since the number of roots of unity in K of order 
a power of i is finite we have an infinite sequence of integers h such that a = b^f^ ^ for some 
6/i G K^ and for some fixed S, G K^ of order -f with r > 0. Then aS,~^ is -f°°-divisible in 
K. To show that the cases are mutually exclusive, it is left to prove that (i) and (ii) cannot 

happen simultaneously. Suppose a = rj = b S, with i],b G K^ strongly £- indivisible and 
^ G K a root of unity of order P" with r > max(0, t — d). Having d' < d contradicts that 
7] is strongly ^-indivisible; having d' > d contradicts that ^ does not have ^ -th roots in 

K. a 

In the lemma, the integers d and r do not depend on the choice of b and ^ because 
b is strongly ^-indivisible. Moreover, if Q ^ K then a is either the power of a strongly 
^-indivisible element or it is ^°°-divisible in K. 
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We want to evaluate the degree [Kim( '^y^) : Kim] for tti > n > 0. Suppose that a is a 
root of unity. If the order of a is coprime to £, or if ET = K^oo then the Kunimer extension 
is trivial. So the case of roots of unity is settled by the following: 

Proposition 11. Suppose that K 7^ Ki^oc, and let a he a root of unity in K of order f" for 
some r > 0. Let m > n > 0. 

(i) Let t > 1 be the greatest positive integer such that Kpt = K , and if i = 2 suppose that 
t >2. Without loss of generality, let m > t. Then Kim{ ^\/a) = i^^max(r+n,m) , and we 
have: 

[Kem ( ^;7^) ■.Ke^]= i'^^^iO,r+n-m) (5) 

(a) Suppose that i = 2 and d ^ K hence a = —1. Let s > 2 be the greatest integer such 
that K4 = K2S , or s = 00 if no such number exists. We have [K2{\/—1) : K2] = 2. Lf 
m>2 and either m < s or s = co then [K2m[ V~l) '■ ^2™] = 1- Now suppose that 
m > s > 2. Then K2^{ ^\/— T) = i^max(i+n,m)) o.nd we have: 

[K2m ( 'V^) : K2^] = £max(0,l+n-m) ^g) 

Proof. The order of any £"-th root of a is £"''''' hence Kim ( '^y^) = i^£max(r+n,m) • So ^ 
follows from lemma [3l Now suppose that i = 2, (^4 ^ K and so a = —1. We have 
[K2{\/—1) : K2] = 2 because K / K4. If ttt, > 2 and either m < s or s = 00 then K2'" = 
K2m{ "7^) = K2S hence [K2™( '7^) : i^2™] = 1- If m > s > 2 then K2m{ ^V^) = 
LCrna,x{i+n,m)i ^^^ & follows from lemma [3l D 



In case {Hi) of lemma \T0\ Kim ( '^^/a) = K^m ( '^ys^) foi' every m > n > so we may 
reduce to the case where a is a root of unity. We did the case of roots of unity in this 
section, so we may suppose in what follows that we are in cases {i) or [ii) of lemma [TOl 

5 About Theorem [1] 

In this section we prove theorem [1] and related results. The key ingredient is a the following 
theorem by Schinzel on abelian radical extensions. If n > 1, we write Kn for the field K{C,n)- 

Theorem 12 ( [15[ thm. 2]). Let K he a field, and let n > 1 he not divisible by the 
characteristic of K . Let a £ K^ . The extension Kn{\/a)/K is abelian if and only if 
gjn _ ^n jg^ some 7 G K^ and for some divisor m of n such that Qm £ LC- 

Stevenhagen and Wojcik independently gave a short elementary proof of Schinzel's 
result, see [11) or |18j . We prove theorem [1] as an application of Schinzel's theorem in the 
following two lemmas, which cover disjoint cases. 



Lemma 13. Let K he a field, and H a prime number different from the characteristic of 
K. If i = 2, suppose that ^4 £ K- Let t he the greatest positive integer such that Kpt = K, 
or t = oo if no such numher exists (if i = 2, t > 2). If a is strongly H.- indivisible then 
Ke.{\/o) is not contained in Kioo. 

Proof. Suppose that K£{{/a) is contained in K^h for some /i > so in particular that it 
is an abeUan extension of K. If Ki ^ K then by theorem 1121 we deduce = 7^ for some 
J £ K, contradicting the assumption on a. If Ki = K and t = 00 then K{-!^) 7^ K imphes 
K{^) 2 Ki,oo. If i^£ = E: and t / 00 then K / K{^) C K^n imphes K{{/E) = Kp+i. 
Thus K{{/a) = K{y/Qt) so by lemma [6] we have a = 7 C^*- Since C^t G K, this contradicts 
the assumption on a. D 

Lemma 14. Let K he a field of characteristic different from 2, such that ^4 ^ K ■ Let 
s he the greatest integer such that K^ = K2a, or s = 00 if no such number exists. Let 
a G K^ he strongly 2 -indivisible. Then K(^/a) % K2-=° . If K has positive characteristic 
then K{y/a) ^ i^2°=- If K has characteristic zero, we have K{^/a) C K2°° if and only if 

KnQ2^ =Q(C2» + C2".^) 

(7) 
a = ±(C2» + C2"/ + 2) • r/2 

where rj £ K and s ^ 00, and in particular we have K{y/a) C i^2™ if f^nd only ifm > s + 1. 

Proof. If K(-^) C i^2°° then K{-^) would be an abelian extension of K so by theorem 
[12] we have a^ = 7^ for some 7 G -ftT. This implies a = ±7^ so it contradicts the assumption 
on a. Note, K{^/a) does not contain (^4 because otherwise K{^/a) = K{\/—1) hence by 
lemma [6] we have a = — 7^ for some ^ £ K, contradicting the assumption on o. Also 
K{y/a) 7^ K, again because a is strongly 2-indivisible. In characteristic p, the Galois group 
of K2^/K is cyclic for every m > so K4 7^ K{^/a) implies K(^/a) % i^2°°- Now let 
K have characteristic zero, and suppose K{^\fa) C i^2°°- Since [-R'(\/a) : K\ = 2 and 
C4 ^ K{yfa), by lemmaHlwe have s 7^ 00, K n Q2°o = Q(C2'' + (^2^) and also 



i^(^/^) = i^ V±(C2^ + C2"^' + 2) 



By lemma [6l it follows that a = ±(C2s + (2= + 2) • r/^ for some rj G K^ so by lemma H] 
-f^(\/a) ^ K2S+1 and K{^/a) ^ K2<'. By lemmaHJ if a satisfies condition (j7]) then K{^/a) C 
K2o^. D 

Theorem [1] is also a consequence of the following theorem by Lorenz ([12| § 1, ch. 9]). 
We provide an alternative proof of Lorenz's result, showing that it is a consequence of 
Schinzel's theorem. For n > 1, write K^ for the subgroup of i^^ consisting of the elements 
which are n-th powers. 



Theorem 15 ( |121 thins. 9.1.3 and 9.1.4]). Let K he a field, and i a prime number different 
from the characteristic of K. Let m>\. For i = 2, let s be the greatest positive integer 
such that K4 = 7^2" ; or s = 00 if no such number exists. 

(i) If i = 2, char(i^) = 0, (^4 ^ K and m < s we have 

KlZnK = K'"'u{{-l)-K''^). (8) 

(ii) If 1 = 2, c\iai{K) = 0, Ci^ K, m>s and Kn Q200 = Q(C2= + (2"=^) then 

Ki,^ r\K = K^ U ((C2»+i + Cs'di) -K^ )QK^ ■ (9) 

(Hi) In all the other cases we have 

Kf:nK = K'"'. (10) 

Proof. To ease notations, we write rj := (C2S+1 + C2s+i); ^m '■= -f^2™! -f^oo := K2°° and 

We prove ([8]): We know that —1 has no square roots in K, but it has 2™-th roots in 
Km because m < s. Let a G K^ be such that ita does not belong to K"^: it is left to show 
that a ^ Km- ^Y lemma [TOl we can write a = ±6^ where b £ K^ is strongly 2-indivisible, 
and < d < m. If a G Km then —a G Km, so in any case b has 2™"" -th roots in X^) 
contraddicting lemma [H] because m < s. 

We prove Q: By definition of s and by lemma [U we know that r/^ G i^, and that 
ibr/, ±(^47/ are all not in K. In particular, ry^ and — r/^ do not have square roots in K. 
Then, recalling that C4 ^ K, one can easily deduce that ry^™ G K^~^ but t?^"" ^ ii'"*. Let 
a G -ftT™ n i^. We have to show that a is either in K"^ or it is r/^ times an element of 
K"^. Note, —1 does not have 2'^-th roots in Km because m> s. So by lemma [TOl we may 
suppose that a £ K^ is of the form a = ±6^ where b £ K^ is strongly 2-indivisible, and 
< d < m. Since a G Km, we deduce that b has 2™'~°'-th roots in ii'oo- By lemma [Ml this 
implies that m — d<l and that b is itr/^ times an element of K^. Thus we have m = d+1, 
and so a is ±r/^ times an element of K"^. We conclude because rj^ is in X^ while —1 is 
not. 

We prove (jlOp : Let t > be maximal such that K^t = K. If m < t the statement is 
trivial so suppose m > t. Since m > s for £ = 2, by lemma [3] we know that K^m+i ^ Kim. 
If a 7^ 1 is a root of unity and it has some ^'"-th roots in Kim then this has order divisible 
by P^~^^ , contradicting the last assertion. Thus we may suppose that a is not a root of 
unity times an element of K^"^ . By lemma [10] we can then write a = b^ ^ where b £ K is 
strongly ^-indivisible, .^ is a root of unity of order f > 1 and < d < m. We deduce that 
b has £™'~'^-th roots in K^cx, , contradicting lemmas [13] and [TJ] D 
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6 Kummer extensions of prime order degree 

In this section, £ is a prime number, and i^ is a field of characteristic different from i. We 
consider a cyclic Kummer extension of order a power of i, and study its relative degree 
with respect to a cyclotomic extension of the form K^m for some m > 1. 

Theorem 16. Let K be a field, and i a prime number different from the characteristic of 
K. If I = 2, suppose that ^4 G K. Let t be the greatest positive integer such that Kft = K, 
or t = CO if no such number exists (t > 2 for i = 2). Let a G K^ , and m > n > 0. 

(i) If a = b^ for some b ^ K^ strongly l-indivisible and for some d> we have 

[Kemi ''^) : Kem] = max(l,r-"') 

(a) Suppose that t ^ oo. Without loss of generality let m > t. If a = b^ £, for some 
b G K^ strongly i -indivisible, for some d > 0, and for some root of unity ^ ^ K of 
order P" with r > max(0, t — d) we have 



\K(^m[ ^y/a) : Kim] = max(l. 



nn—d nn+r—m\ 



Proof, (i): By lemma [T3l we have [Kim[\/b) : K£m] = i so we deduce from lemma [5] that 
[Kim( * \/T)) : K^m] = £"~'^. We conclude because K£m[ '^y^) = Kfrn( ^ \/T)) if d < n and 
Kim ( ^'-^/a) = Kgm if d > n. 

(a): Let 7 = o^~^ = b^ . By case (i), the extensions K£m[ ^'^) and K£m[ '^) C Ki^ 
are linearly disjoint over Kfm. So by lemma[7|the degree of Kim( ''i/a) over K^m is the least 
common multiple of the degrees of K^m ( '^^y^) and of K^m ( '^y^) . The degree of Kim ( '^^) 
over K£m was evaluated above as max(l,^"^'^). The degree of K£m(/^^) over K£m is 
max(l,r+'-'") by lemmaEl D 

Theorem 17. Let K be a field of characteristic different from 2, such that ^4 ^ K . Let 
s be the greatest integer such that K^ = K2S, or s = 00 if no such number exists. Let 
a G K^ , and m > n > 0. 

(i) If a = 6^ for some d>0 and some b G K^ which is strongly 2-indivisible then we 
have: 



[K2m{'V^) : K2 



( 1 ifn<d 

2n-d-i ifn>d and K{Vb) C ^2°° , m>s + l 
2""'^ otherwise 
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(ii) If a = —b^ for some d > and for some b € K^ which is strongly 2-indivisible, let 
h > be such that 2^ = [ii'2™( ^\/— a) : K2m]. Then we have: 



[K2m{^V^) : K2^ 



2 ifm = lorifh = 0, s^oo and m = n> s 
1 if h = 1, K{\/b) C i^2°° o,nd m = n = s = d+l 
2^ otherwise 



Recall from lemma I4 that K{\/b) C K2°o if and only if K has characteristic zero and 



K n Q2°o = Q(C2= + Cv^) for some s>2 
b = ±((^2= + (2^"*^ + 2) • 77^ for some r] e K 

Proof, (i): By combining lemma [8] and lemma [U] we have 

f 2"-i if Ki\/b) C K200 and m > s + 1 
[K2^{yb):K2^]= I 

y 2" otherwise 

The formulas follow at once because -K'2™ ( ^V^) = ^2™ ( ^ yb) ii n > d and -R'2™ ( ^V^) = 
A'2»n if n < d. 

(ii): If 771 = 1 then n = \ hence the degree of K2{y/a) = K/j^ over K2 = K is 2. So let 
m > 2. Since m > n and m, > 2, we have 

„ , (2 if s 7^ 00 and n = m> s 

[i^2-('V^):i^2-] = < 

[ 1 otherwise 

Thus, unless s ^ 00 and n = m > s, we have 1^2™ ( ^aTo) = ^2'"( V"'^^) ^-i^d the requested 
degree is 2 . Now we treat the remaining case: we have s 7^ 00, n = m> s, K2"{ ^\/—l) = 
i^2"+i and [K2n+i : 1^2"] = 2. If /i = 0, the requested degree is 2 because 7^2" ( ^x/o) = 
i^2" ( V— 1) • If /i > 1 , the requested degree is 2^ by lemma [71 

We are left with h = 1, so the fields iir2".( ^\/— a) and K2"( V— 1) have both degree 2 
over 7^2" • If the two fields are different then they are linearly disjoint and the requested 
degree is 2 by lemma [71 If the two fields are equal then a is a 2"-th power in K2n by 
lemma [6l hence the requested degree is 1. We now prove that the two fields coincide if and 
only if K{\/b) C ^"200 and n = s = d + 1. These conditions are sufficient because (1171) 
holds. We now prove that they are necessary. Since h = 1, we must have n > d and in 
particular K{yb) C 1^2°° • We are supposing that i^2"( ^ vb) = K2n+i so by lemma [TH we 
have n — d < 2. Thus n = d + 1. We have 1^2" (Vo) = i^2"+i 2 -^2" so from lemma [HI we 
deduce that n < s + 1 hence n = s. D 
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7 Kummer extensions of any degree 

Let K he a field. In this section, we are concerned with studying the degree of a cyclic 
Kummer extension of the form Km{\/a)/Km, where a £ K^ and where m,n > 1 are 
such that n \ m and m is coprime to the characteristic of K. We expect that if a is 
strongly £- indivisible for every prime i dividing n then the degree [Kfn{\/o,) : Km] is n. 
This expectation is justified by theorem 1181 because otherwise some conditions on m and 
on the torsion of K must be satisfied. Note, by the theorem of Kronecker- Weber every 
quadratic extension of Q is contained in some cyclotomic extension of Q. For a more 
general description of this phenomenon, see theorem [20l 

Theorem 18. Let K be a field. Let m > 1 be not divisible by the characteristic of K . Let 
i be a prime divisor of m, and let n > 1 satisfy P^ \ m. Suppose that for some a G K^ 
which is strongly (.-indivisible we have 

[Kmr^):Km]=t-^ 



for some < d < n. Then Qd S K. Moreover there is some odd prime q ^ I dividing m 
such that i'^ I [Kg : K], unless £ = 2, d = 1 and K{^/a) C i^2«2('") • 

Lemma [8] implies that [Km{ *\/o) : Km] = P^~'^ is equivalent to Km{ '\fo) = Km and 
either d = n or Km{ ^ ^/a) ^ Km- 



Proof. We first show that Q^d £ K. Since Km{ '''\/a) = Km, in particular K£d{ ^^/a) is an 
abelian extension of K. Theorem 1121 implies that o^" = 7^ for some j £ K^ , and for some 
e > such that Qe £ K. Since o is strongly ^-indivisible, we have d < e hence Qd £ K. 
Let m' := l'"^^'^' ■ Y\ q, where the product is taken over the odd primes q ^ £ dividing m 
such that q = l(mod^). Then Km{ ^\/a) = Km if and only if Km'{ ^\/a) = Km' because 
Km/ Km' has degree coprime to £. Suppose that Kgvt(m){ ^\fa)lKp,^{m) has degree £'^ . Then 
Km' jKpjgira) contains a cyclic subextension of degree £'^ hence the Galois group of some 
extension Kq/K has exponent divisible by £'^. Since a is strongly ^-indivisible, theorem [TBI 
implies that in the remaining case we have £ = 2, and d = 1 because ^2^ G i^. In particular 
K^vf,(m){ ^■\fa)lKp,t{-m,) has degree 1. D 

We now show that the degree of a cyclic Kummer extension might be not maximal, 
even for strongly ^-indivisible elements. We can reduce to the case of a prime power: 



Lemma 19. Suppose that for every prime divisor £ of n we can find ai £ K^ which is 
strongly £-indivisible and such that [Km{ '-'' \f(H) '■ Km] = £'"^^\ Then there is a £ K^ 
which is strongly (-indivisible for every prime £ dividing n, and such that [Km{ ''\fo) '■ 
Km] = d. 

Proof. Write ^ := a^^^""^"' and a := n«r We have [Km{ \/4) : Km] = £'"'^'^'^ for every 
£. Note that a £ K^ and is strongly ^-indivisible for any prime number £ dividing n, so it 
suffices to apply lemma [71 D 
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Theorem 20. Let K he a field of characteristic zero, and i a prime number such that 
K^/K^^ is infinite. Let m> I and n > I be such that £"- \ m. If d = or if < d < n, 
Qd G K and i \ [Kg : K] for some odd prime q ^ d- dividing m, then there is some a ^ K^ 
which is strongly (.-indivisible and such that 

Proof. Take b ^ K^ such that vb is not contained in Km- such an element exists because 
Km contains only finitely many subextensions of degree i while K^ /K^ is infinite. Sup- 
pose that d > 1. By assumption, there is a cyclic Kummer extension C of K of degree 
^'^ contained in Kg. Let a G K^ be such that C = K{ ^y/a). In particular, the degree 
5 ■= [Km{ 'V^) : Km] divides T"^ . If 6 ^ r"'^ it suffices to replace a by ab^\ so that 
Km{ '^\/a) = C* but Km{ * \/a) 2 Km- Then a is strongly ^-indivisible: if a = 7^^ for 
some 'J G K^ and ^ £ K a root of unity then -^ belongs to Kgoo but since it is not 
in K (cf. lemma El) then it cannot be in Kg, contradiction. Now let d = 0. We have 
[Km{ vb) : Km] = ^" by lemma [HI It is left to show that b is strongly ^-indivisible. If 
K = K^oo or if Q ^ K this is equivalent to the condition that b has no i-th roots in i^, so 
it is true by the choice of b. Otherwise, if t > 1 is the greatest integer such that K = K^t 
then it suffices to choose b such that ^fb is not contained in i^^^t+i. D 

Appendix: The density of sets of primes related to the reduc- 
tions of an algebraic number 

Let K he a number field, and let a G K^ . Let £ be a prime number. We want to evaluate 
the Dirichlet density of the set of primes p of X such that the multiplicative order of the 
reduction of a modulo p has a prescribed £-adic valuation, namely 

dens(a, n) = dens{p : ord£(a mod p) = n} 

for some n > 0. We tacitly assume that (a mod p) is well-defined, so we exclude the finitely 
many primes p such that Vp{a) < 0. The considered set of primes has a natural density, 
so in particular a Dirichlet density (cf. ^ and rem. [2T]) . Suppose that a is not a root of 
unity, because otherwise the density is trivially either or 1. We may reduce to calculating 
dens(a, 0) because of the following remark: 

Remark 21. For every n > 1, we have dens(a,n) = dens(a^",0) — dens(a^" ,0) . If (1 = 2, 
we have dens(a, 1) = dens(— a, 0) and dens(a,n) = dens(— a, n) for n>2. 

Proof. For the £-adic valuation of the order we have: 

ord£(a mod p)) = max(0, ord£(a mod p) — n) . 
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The first assertion follows immediately. Recall that (—1 mod p) is the only element of 
order 2 in the multiplicative group of the residue field at p. Then either ord2(— a mod p) = 
ord2(a mod p) > 2 or {ord2(a mod p),ord2(— a mod p)} = {0,1}. The second assertion 
follows immediately. D 

We may express dens(a, 0) via the degrees of certain extensions of K: 

Lemma 22. 

dens(a,0) = J] ( [K,.{ ^.^) : K]-' - [K,.+^{ '^) : K]-' ) (11) 

i>0 

Proof. Recall that there are only finitely many primes of K that can ramify in any of the 
extensions K£i{ y/a), for any i > 0. In what follows, we tacitly exclude the finitely many 
primes p of -ftT that are ramified in some of the above extensions, or such that (a mod p) is 
not well-defined. Let S be the set of primes p oi K such that (a mod p) has order coprime 
to i, or equivalently that (a mod p) has some ^'^-th root in the residue field kp for every 
n > 1. Then we can write 5 as a disjoint union S = U.j>o Si, where Si (possibly empty) is 
the subset of S defined by the following condition: i is the greatest integer such that the 
residue field kp contains the £*-th roots of unity. Then Si can be characterized as follows: 
the primes which split completely in K£i{ ^^/a) but not in K£i+i{ y/a). This shows that Si 
has a natural density, and we already pointed out that S has a natural density. By the 
Chebotarev Density Theorem, we can rewrite (jlip as 



dens(5) = ^ dens(5,) . (12) 



i>0 

For every n, we have Ui<nSi ^ S therefore dens(S') > X^j<„ dens(S'j) and passing at the 
limit in n we obtain one inequality in (112p . For the other inequality, remark that Ui^nSi 
is contained in the set of primes of K which split completely in Kin , and this last set has 
a density going to zero in n, by the Chebotarev Density Theorem. D 

So let K he a number field, i a prime number and a £ K^ not a root of unity. In the 
following propositions, we calculate the density of primes p of i^ such that the order of 
(a mod p) is coprime to i. We apply lemma [22] for the expression of the densities, lemma [3] 
for the degree of the cyclotomic extension, and theorems [16] and [17] for the relative degree 
of the Kummer extension over the cyclotomic extension. 

Proposition 23 {K( ^ K). Let d > be maximal such that a is an i -th power in K. 
Then we have 

dens(a, 0) = 1 - [K, : K]-^ ■ -^ • r"^ 
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Proof. Write S = [Ke : K]-\ so [K^^+i : K]~^ = 6 ■ £-\ We have 
Then we calculate the density as follows: 

d-l oo „i_d 

dens(a,0) = {I - 5) + 5 ■ {I - I) -^r' + 5 ■ {(>. - I) ■ i'^ ■ ^r^* = 1 - 5- — - . 

i=i i=d ^^ + > 

D 

Proposition 24 (K^ = K, ^4 G K if £ = 2). Let t > be the greatest positive integer such 
that Kp = K . 

(i) Let a be the £'^-th power of a strongly l-indivisible element in K. Then we have 

( T^-i"-' if d<t 

dens(a, 0) = < 

(a) Let a be the C^-th power of a strongly i -indivisible element in K times a root of unity 
of order i^ such that r > niax(0, t — d). Then we have 

dens(a,0) = — ^•r2^+*-'^ 
Proof of (i): We have [K(^i : K^^ = ^*~* for i > t. We also know 

The terms of (|lip for i < t — 1 are zero, because the two involved cyclotomic extensions 
are the same. If d < t then: 

f-2t+2 pl+d-t 

dens(a, 0) = ^{l - l)i'-'-'^ ■ i'^-' = {£-!)■ i'+'^-^ ■ j^-— = . 

i>t i -I i + l 



If d> t, note that the sum for i > d has a similar expression (swapping t and d): 

d-l 
dens(a, 0) = Y,i^ " 1)^*"'"^ + Y^i^ " l)i''"'^ ■ i'^'" = 1 



d-l ^ 

pt~d( ^ ■ 

^£ + 1- 

z=t i>d 



Proof of (a): We have [K(^t : K] ^ = i^ * for i > t. We also know 
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The terms of (|lip for i < t — 1 are zero, because the two involved cyclotomic extensions 
are the same. 

Recall that t < r + d. For t<i<r-'rd— 1 the i-th term of (jlip is zero. So we may 
write: 



dens(a, 0) = £' 



t-2r-d 



i>r+d 



fft—i—1 iid—i 



) 



fft-2r-d 



e 



+ 1 



D 



Proposition 25 (i = 2, ^4 ^ K). Let s be the maximal positive integer such that K/^ = K2S ■ 

(i) Let a = b'^ for some d > and for som,e b £ K which is strongly 2-indivisible. Let 
e = 1/2 if K{yb) C K2<=° and e = 1 otherwise. Then we have 



dens(a, 0) = < 



ifd = 



- -\- - ■ 2' 



1 + I • 2^-^ ifO<d<s 



2 ' 3 
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1 - I • 2'-'^ ifd>s 



(a) Let a = —6^ for some d > and for some b £ K which is strongly 2-indivisible. 
Then we have 



dens(-a, 0) - i = f • 2' 



dens(a, 0) = < 



dens(— a, 0) 



dens(-a, 0) - 1 + | • 2 



e ris — d e 



e r\s 

12 ■ ^ 



ifO<d<s-l 
if d = s — 1 
if d> s 



See lemma [7^ for the condition K{vb) C i^2°°- 

Proof We have [i^a* : K]''^ = 2"-'-'^ for i > s > 2 and [i^2« : K]'^ = 2'^ for s > i > 2. 
So we calculate: 

dens(a,0) = ( [K{^/^) : K]-^ - 2'^ ■ [K^iV^) : ^4]'^) + 

+ Y,{ r-'-'[K2^{ V^) : K2.]-' - r-'-^ . [K2,+i{X/^) : K^.+i]-') . 
i>s 

Proof of (i): We first treat the case where K{y/b) % K2°°. We have: 

dens(a, 0) = (1 - 2-^) • 2'"'"(0'^-i) + ^ 2'-^-^ ■ 2"''>^(o,d-i) _ 

i>s 
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If d = then 



dens(a, 0) = 2"^ + ^ 2^-^-2 . 2~^ = 2-^ + 2'~^ ■ |^ = i + 1 . 2-^ 



If < d < s then 



22-1 4 3 

i>s 



dens(a, 0) = 2"^ + ^ 2^-^-2 • 2'^-' = J + ^ • 2'^"" . 

i>s 

If d> s then 

d-l 

dens(a, 0) = 2^1 + ^ 2^-^-2 ^ ^ 2^-^-2 . 2^-' = 1 2""'^ . 

We now treat the case where K{\/h) C i^2°° (cf- lemma [T^ . If d = 0, then 

dens(a,0) = 2^2 + (2-^ • 2'' - 2^2 . 2^-^) + ^ ( 2'-'-^2^''' - 2'^'''^ ■ 2^-') 

i>s+l 

= 2-2 + 2^-1 V 2-2* = 1 + i . 2-^ 
Z^ 4 6 

i>s+l 

If < (i < s then 
dens(a,0) = 2"^ + (2-^ • 2'^-' - 2^2 . 2'^-'+^) + ^ ( 2^-^-12'^+^-^ - 2^-^-2 • 2'^+!-^) 

i>s+l 

= 2-1 + 2'^+^-! . y 2-2* = - + - • 2'^-' . 



2 6 

«>s+l 



\i d= s then 



dens(a, 0) = 2"^ + (2-^ - 2-2) + V ( 2*-*-i2°'+i-* - 2"-*-2 • 2^+1-*) = - + i • 2'^~' = — 

■^^ 4 6 12 

i>s+l 

If d > s + 1 then 

dens(a,0) = 2-i+(2-i-2-2)+ ^ ( 2^-*-i-2^-*-2)+ ^ ( ^s-i^\^d^-\-i _^s-i-2 _^d^-\-x 

j=s+l j>a!+l 

= ^ + ^ 2^-*-2 + ^ (2^-*-2 . 2'^+!-*) = 1 - 2'-'^ ■ — . 

i=s+l i>d+l 
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Proof of (a): We calculate only the few terms that differ from those of dens(— a, 0). We 
first treat the case where K{\/h) ^ i^2°°- Since d > 1 we know that [K{y/a) : K]^^ = 2^^ 
while [K{^/—a) : K]^^ = 1. The only other terms which we have to replace are [K2i{ X/o-) '■ 
K2i]~^ for s < i < d, because they are 2~^ rather than 1. So for < d < s we have 
dens(a, 0) = dens(— a, 0) — ^. For d> s, we have: 

dens(a, 0) = dens(-a, 0) - - + ^ 2''-'~\2-^ - 1) = dens(-a, 0) - 1 + - • 2"^'^ . 

i=s 

We now treat the case where K{\/h) C i^2°°- We have to replace also other terms: 
[i^2'( \^) • -^2']"^ for i = d+l>s + l, which is 2^-*^ rather than 1. This gives, if 
d > s, a contribution of: 

^ ' 8 



Finally, we have to replace {K2i{ %/o) '■ -f^2»] ^ ^^ i = s = (i+ 1, which is 1 rather than 

1 

4 • 



2 ^ . This means that if d = s — 1 we also have to add (1 — 2-*^) -2^ = 4. D 
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